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C/3 1 Abstract 

We investigate non-local dualities between suitably compactified higher-dimensional 
Einstein gravity and supergravities which can be revealed if one reinterprets the 
dualised Kaluza-Klein two-forms in D > 4 as antisymmetric forms belonging to 
supergravities. We find several examples of such a correspondence including one 
I/"") \ between the six-dimensional Einstein gravity and the four-dimensional Einstein- 

Maxwell-dilaton-axion theory (truncated N = 4 supergravity), and others between 
the compactified eleven and ten-dimensional supergravities and the eight or ten- 
dimensional pure gravity. The Killing spinor equation of the D = 11 supergravity 
is shown to be equivalent to the geometric Killing spinor equation in the dual grav- 
ity. We give several examples of using new dualities for solution generation and 
demonstrate how p-branes can be interpreted as non-local duals of pure gravity so- 
\ lutions. New supersymmetric solutions are presented including M2 C 5-brane with 
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i-^ ■ two rotation parameters. 
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1 Introduction 

Kaluza-Klein (KK) toroidal reduction is based on a geometric property, originally discov- 
ered in the five-dimensional General Relativity, to convert the compactified gravitational 
degrees of freedom into the scalar-vector theory governed by the dilatonic Maxwell action. 
In such a way dynamics of the five- dimensional gravity with a non-null Killing symmetry 
is described by the four-dimensional Einstein-Maxwell-dilaton action with a certain value 
of the dilaton coupling constant. In the case of the higher- dimensional Einstein gravity 
with d commuting Killing vectors the number of the KK Maxwell fields in the reduced 
theory is d, while the dilaton expands into the d x d matrix of scalar moduli exhibit- 
ing the GL(d, R) global symmetry. Similarly, dimensional reduction of multidimensional 
supergravities gives rise to multiplets of fields transforming under E n groups [p]]. 
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In revealing hidden symmetries both in Einstein and supergravity theories an impor- 
tant step is the dualisation of antisymmetric form fields. The well-known example is the 
reduction of Einstein pure gravity to three dimensions. Trading the KK two-forms for 
scalars via dualisation in three dimensions one discovers the [/-duality group SL(d+l, R) 
(d is the total number of compactified dimensions) instead of the expected T-duality 
SL(d,R). In four dimensions a U(l) electric-magnetic duality (^-duality) also becomes 
manifest, [/-duality of the three-dimensional theory embeds T and S dualities into a 
larger group. In supergravities one usually employs dualisation to reduce the rank of 
antisymmetric forms. We refer the reader to an exhaustive discussion of the role and dif- 
ferent ways of implementing the dualisation in dimensionally reduced multidimensional 
supergravities || || . 

Dualisation in the opposite sense (producing the form fields of an increased rank) may 
also reveal hidden symmetries between different theories. Following conventions of [§, [|, 
we use in such cases the name "inverse dualisation" . Clearly, the lowest dimension where 
inverse dualisation makes sense is five, where a two-form is dualised to a three form. In 
D = 4 the rank of a two-form is unchanged under dualisation: "neutral dualisation". 
Dualisation gives rise to several alternative representations of hidden symmetries which 
maps the space of solutions on itself in a non-trivial way. This can be used for solution 
generating purposes. For example, dimensional reduction of the D = 4 Einstein equations 
to three dimensions leads to the SL(2, R) Ehlers group |3J]. This symmetry is realized on 
the space of two variables one of which is the component of the four-dimensional metric, 
and another is the twist potential: a (pseudo) scalar resulting from the dualisation of the 
KK vector. Going down to two dimensions one finds the infinite-dimensional extension 
of the Ehlers group to the Geroch group, but here we are interested rather in its finite 
SL(2, R) subgroup. An alternative realization of the same SL(2, R) symmetry group 
in two dimensions in known as the Matzner-Misner group, this latter acts directly on 
two metric functions. A map between these different realizations of the same symmetry 
(Kramer-Neugebauer map ||) plays an important role in solution generation techniques of 
general relativity. Another example, which is closer in spirit to our present considerations, 
is the Bonnor map || between the SL(2, R) symmetry groups of the static Einstein- 
Maxwell system and the stationary pure gravity (for an extension to dilaton gravity see 

Here we describe new non-trivial realizations of the "Bonnor map" between different 
gravity and supergravity theories which are related to inverse and neutral dualisation of 
KK two- forms (some earlier results were presented in HQ). Starting with the compact- 
ified pure gravity one can use an inverse dualisation in dimensions D > 5 to convert the 
set of the KK two-forms into higher rank forms which are then reinterpreted as belonging 
to some supergravity theory in another dimension. We are looking for such compactified 
supergravities which exhibit the same hidden symmetries as a suitable compactified Ein- 
stein gravity, so the non-local dualities that we find are essentially of the Bonnor's type. 
We will show that these dualities relate the p-branes [|10| to some pure gravity solutions. 
To avoid confusion, it is worth noting that our present technique is essentially different 
from the earlier known method of generating supergravity p-branes via Harrison trans- 



formation [II]. This latter is based on [/-duality arising in the compactified truncated 



supergravity action. Here we use a map between both suitably compactified gravity and 
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supergravity (generically in different dimensions) which is a Bonnor-type map between 
different theories enjoying the same hidden symmetry. 

To be explicit, let us consider the D-dimensional action arising from dimensional 
reduction of the D + 1 Einstein theory in a space-like dimension 

S D = J d D xJ\g~\ \r{ 9 ) - ^(V^) 2 - ^F 2 | , (1) 

where 

7=1 + ^, (2) 

F = dA, and A, ip being the KK vector and scalar respectively. Instead of treating the 
two-form F as a vector field strength, one can dualise it to a (D — 2)-rank form H: 

F = e~^* D H, (3) 

where * D denotes the D-dimensional Hodge dual. Considering H as an exterior derivative 
of a (D — 3)-form, H = dB, one can derive the equivalent equations of motion from the 
action 




S' D = I d D xJ\g\ I R(g) - ^(V^) 2 - * o „ # 2 \ . (4) 



-yip 

Continuing the reduction process further one can either generate new antisymmetric forms 
in lower dimensions via similar dualisations, or treat the appearing new KK fields as vec- 
tors, so a variety of alternatives will arise. Note that the reparameterization of antisym- 
metric forms usually involves the appropriate Chern-Simons terms in lower dimensions. 

The action is a typical p-brane producing action with a particular value of the 
dilaton coupling constant. A crucial point for existence of the Bonnor-type maps we 
are looking for is the "right" value of the dilaton coupling constant. We will show that 
this is indeed the case in a number of physically interesting situations. New dualities 
are essentially non-local, since the relation (^) connecting variables of two theories is a 
differential equation for the KK potential. Therefore, given a p-brane solution to @, 
one has to solve the set of differential equations in order to find the corresponding higher- 
dimensional metric, and vice versa. The simplest nontrivial example of such a relationship 
is provided by six-dimensional Einstein theory. After compactification of one dimension 
and dualisation of the corresponding KK two-form one obtains five-dimensional gravity 
coupled to a dilaton and a three-form. Therefore, the string solution to the 5D gravity 
with a three-form theory may be seen as a non-local dual to some pure gravity solution 
in six dimensions ||. 

The main purpose of the present paper is to describe non-local dualities involving 
eleven and ten-diemsnional supergravities. The plan of the paper is as follows. We start 
with reviewing the standard KK dimensional reduction and discuss particular cases of the 
resulting four and three-dimensional theories (Sec. |2|). Then the dimensional reduction 
of the six-dimensional relativity to five, four and three dimensions is considered and an 
alternative matrix representation of the SL(4, R) symmetry is derived (Sec. 3). In Sec. 4 
we present the reduction scheme with partial inverse dualisation in arbitrary dimensions. 
The detailed description of duality between the compactified D — 11 supergravity and 
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the D = 8 pure gravity is given in Sec. 5. Then (Sec. 6) several dualities between IIA 
and IIB super gravities and ten and eight-dimensional Einstein gravities are exhibited. 
The Sec. 7 is devoted to establishing connection between Killing spinor equation in the 
compactified D — 11 supergravity and the geometric Killing spinor equation in eight 
dimensions. Several examples of using new dualities for solution generation are presented 
in Sec. 8. We conclude with brief remarks in Sec. 9. Some mathematical details are given 
in three Appendices. 



2 The standard KK reduction 

Consider the toroidal compactification of the D + d Einstein gravity to D dimensions 
starting with the following parameterization of the metric: 

ds 2 D+d = g dmn (d( m + AZdx M )(dC + A n N dx N ) + e"^" 2 ) ds 2 D , (5) 

where 

9d = \\gdmn\\, e^ = \detg d \. (6) 

It is assumed that all fields depend only on coordinates in the -D-sector. Define a 
(pseudo)unimodular moduli matrix 

M mn Qdmrfe ^ j (7) 

so that detM = e, with e = +1 (e = —1) if the metric g d has Euclidean (Lorentzian) 
signature, or equivalently, the metric go has Lorentzian (Euclidean) signature.^ Then one 
obtains the following action for the reduced theory 

S D = J d D xJ\g~\{R(g) - ^(V^) 2 - \e^F T MF + \g MN Tv (d M Md N M^) }, (8) 
where 

This action is manifestly invariant under T-duality SL(d, R) x R: 

M -> tt T Mn, F -> tt^F, Q e SL(d, R), (10) 
ip -> ip + r, F -> e~ 7r/2 F, r E R. (11) 

The symmetry holds in any dimension D > 2, and it gets enhanced in D < 4. Consider 
a particular case D = 4. Then 7 = (2 + d)/2d and the equations of motion consist of 
Einstein equations 



R P u = -^n-V^Vuip - 7 Tr (V.MV.M" 1 



2 + rf. 

8d 

+ U d+ ^ 2d {F T MF« - \g, v F T MF) , (12) 



We consider here only Sxf space-times with exactly one 'time' direction. 
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the dilaton equation 

V 2 ^ = - e ^ d+2 W 2d F T MF, (13) 
2 

Maxwell equations 

V M U^W^MF^) = Qj ^ 
and an equation for the moduli matrix 

V(M" 1 VM) = l e (d+^/2d (^ FF T M _ \p T MFI d \ _ ( 15 ) 

One also has the Bianchi identity 

V M (i>0 = 0, (16) 

where F stands for a four-dimensional dual ( F = * 4 F). In addition to continuous 
T-duality SL(d, R) x R = GL(d, R) this system is also symmetric under discrete electric- 



magnetic duality: the Eqs. (|l2|,y||l5|) remain invariant, while the Maxwell equation (|Tj) 
and the Bianchi identity ([16]) are interchanged under the discrete S-duality transformation 



if)^-if>, M — > eM" 1 , F^ e (d+WM MF. (17) 

Note that the factor e in the transformation of the moduli matrix is necessary in view 
of the relation F flu F uX = —eF flu F uX . In the case e = 1 this discrete symmetry is the 
symmetry of the initial (D + d) -dimensional field equations, while for e = — 1 it relates 
theories with the signature diag(— ,+,...,+;+,..., +) (only one time-like direction) and 
the signature diag(+, —,...,—;+,..., +) (d — 1 time-like directions). About dimensional 
reduction in supergravities with non-standard signatures see [12|, [13| . 

Now let us go down to three dimensions. The resulting action will read 



S 3 = J d s xJ\h\{R 3 - 1(V^) 2 + g d V gt) - \e^F T g d F}. (18) 

It can be transformed into the action for a gravity coupled sigma-model after dualising 
the Maxwell two-forms as follows 



e^g d F = * 3 dV } (19) 

where \I/ is the set of scalars. In terms of new variables the equations of motion may be 
obtained from the action 



S' 3 = J d 3 xJ\h\{R 3 - l -iy^f + \Tr{Vg d Vgt) ~ V^W^V*}, (20) 
which simplifies to 

S' 3 = J d 3 x^\h\[R 3 + ^(VAWAT 1 )}, (21) 



where the matrix 



M ~ 1 e"^ eg d + e~^ T j (22) 
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is a symmetric (d + 1) X (d + 1) matrix with det Ai = e^ +1 ). It is easy to see that for 
e = l,Me SL(d + 1, R)/SO(d + 1), while for e = —1, M G + 1, R)/SO(d -1,2). 
Indeed, the matrix .M may be presented in the following vielbien split 



MN 



£m vab £ 



where 



so that g mr , 
while for e 



-</>/2 






/v- 



1]AB 




(23) 



(24) 



^mVab^n- Therefore for e = 1 one has the Euclidean signature metric t]ab, 
— 1 the metric is pseudo-Euclidean. This is the standard representation of 



the three-dimensional reduction of a higher- dimensional pure gravity jTJJ. Finally, further 
reduced to D = 2, the action (pTJ) leads to a completely integrable theory. 



3 Alternative reduction of D = 6 Einstein gravity and 
EMDA 

Our first example of using inverse dualisation to relate pure gravity to (compactified) 
supergravity starts with six dimensions. A standard dimensional reduction of D + d = 6 
Einstein theory to five dimensions (d = 1 in notation of the previous section) gives the 
action ([!]) with D = 5. Now, instead of further direct reduction, let us first make an inverse 
dualisation of KK two-form to get the five-dimensional gravity coupled to a dilaton <j> and 
a three-form field H = dB 

S 5 = J d 5 x^Ul 5 - \{d^ 2 - ^tf 2 j , (25) 

where the dilaton coupling is a 2 = 8/3. This action can be reinterpreted in supergravity 
terms. To get further insight into the nature of the theories involved we perform reduction 
to four- and then to the three-dimensional theory. Compactifying first along a space-like 
dimension 

dsl = e~ Aip (dy + A^dx^f + e 2ip dsl (26) 
one obtains for the metric part 

V^^s = ^=^{#4 - Gg^d^d u <p - -e-**?^ - 2V, {g^d^) }, (27) 

where A = A^dx^, T = dA, while the five- dimensional two- form B is decomposed into 
the four-dimensional two-form B and the one-form A 

B = B-dyAA. (28) 

Omitting a total divergence we arrive at the following four-dimensional action 

S* = f *xJ=gi{!U - \m 2 ~ \(d*P) 2 - \e^T 2 - \e~^F 2 - ^tf 2 }, (29) 
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where new scalar fields are introduced 



0=i(a0 + 4<^), ip = -(aj>-8(p), 



(30) 



and the four-dimensional strength H will include an appropriate Chern-Simons term 

H = dB — A A F, (31) 

where F = dA. The value of the dilaton coupling constant corresponding to dimensional 
reduction of D = 6 pure gravity theory a 2 = 8/3 coincides with that arising in toroidal 
of the heterotic string effective action. Assuming this value and dualising the three-form 



*4 



(32) 



one can present the corresponding action as 

S> 4 = J d 'x^g{R-\{d<j ) f -\{d^f -\e^{d, 

4 4 4 v ' > 



(33) 



Now we reduce the theory to three dimensions using the general partial dualisation 
procedure described in the Appendix A. With d\ — d 2 — 1 and 4> = 4>i + 4>2, our prescrip- 
tion (|151|) - fll56 ) leads to the following set of three-dimensional fields: two electric V\,v 2 
and two magnetic Ui, u 2 potentials, scale factor / and twist potential x- Together with al- 
ready introduced scalars we obtain a three-dimensional a-model with the nine-dimensional 
target space <£> A = (/, x, (ft, ip, k, Ui, Ui, v 2 , u 2 ) endowed with the following metric 



df 



V 2 
1 

V 



n 2' 



rf X + 2 _ u a dv a ) 



+ i d ^2 + ^2 + ^2^2 



+ e^+^i - ndv 2 f + e^-*{dv 2 f + e^{du 2 - KduO 2 ] . (34) 



This is the metric of the symmetric space SL(4, R)/SO(2, 2) on which the SL(4, R) isom- 
etry group acts transitively. As the coset representative one can choose a symmetric 
SL(4, R) matrix, so that the target space metric will read 



dl< 



--Tr (dMdM- 1 ) . 



The matrix Ai is given by the Eq. (|163|) with the following 2x2 real blocks 

>/ 2 ( 



Pi 

Q 



-vie 



-i>/2 



fe 



y -v 2 e~ v 

\i~X U 2 - KV X 
U\ — KV 2 —K 



-Vie 
-v 2 e~ 



(35) 

(36) 
(37) 
(38) 



where 



£ = Vi (Ui - KV 2 ) + V 2 (u 2 - KWi) 



(39) 



Matrix .M provides an alternative to (|22f) representation of the coset SL(A, R)/SO(2, 2). 
For c2 = 3 the standard matrix p2| ) is presented in terms of 3 x 3, 1x3 blocks and 
one scalar, whereas (|163|) is parameterized more symmetrically in terms of 2 x 2 blocks. 
New representation provides a direct link to the three-dimensional reduction of the four- 
dimensional Einstein-Maxwell-Dilaton-Axion (EMDA) theory ]15| (truncated D = 4, N = 
4 supergravity with only one vector) in which case one has a Sp(4, R) matrix. To obtain 
the latter from the present model it is enough to identify the electromagnetic potentials 
U\ = u 2 , V\ = v 2 and set ip = (for more details see |R|). Another particular case is the 
three-dimensional reduction of the EMDA theory with two vector fields in which case the 
relevant symmetry is SU(2, 2) fl7| corresponding to the eight-dimensional target space. 
Note that both Sp(4, R) and SU(2, 2) sigma-models are Kahler, while the present theory 
is not (its target space is odd-dimensional). 

The existence of two essentially different parameterizations of the same coset suggests 
a solution generating technique. Given a solution in terms of one parameterization, one 
can construct new solution performing the identification of variables in terms of another 
representation. In the previous paper || we obtained a family of five-dimensional string 
solutions dualising the five-dimensional Kerr metric. Here we give another example taking 
as a seed the following six-dimensional pure gravity solution 0: 

ds 2 e = F 2 1{ K dz + Udu + OLidx 1 ) 2 + Fidu 2 + 2du(dv - Uidx 1 ) + F 2 5 ij dx i dx i J (40) 

with i, j = 1, 2, 3, and the harmonic functions 

dlF x = d\F 2 = dp = 0, V x u = VU, V x a = VF 2 . (41) 

This metric is a superposition of two five- dimensional pure gravity solutions: Dobiasch- 
Maison |Tj| (whose one-center version corresponds to pp-wave) and Gross-Perry-Sorkin 
[ [TP| , |2"D[ (KK monopole), endowed with NUT. Three harmonic functions Fx, F 2 , and U on 
the three-dimensional transverse space correspond to an electric charge, a momentum and 
a NUT charge. From here we can derive two different 5D string counterparts choosing one 
or another Killing vector from d z , d u for dimensional reduction from six to five dimensions. 
Compactifying along d z we obtain an electrically charged NUT-ed string superposed with 
the Brinkmann wave: 

ds\ = F 1 F2 1/3 du 2 + 2F2 1/3 du(dv-uj i dx i ) + F2 /3 5 ij dx l dx j , (42) 
B = F^duAidv-Uidx*), (43) 
= F 2 " 4/3 . (44) 

This family of solutions contains an extremal electric string (U — Fx — 1, F 2 — 1 + 2q/r, 
r 2 = 5ijX l x : >) and the pure gravity Dobiash-Maison solution (at U — F 2 — 1, F 1 — 

5 The one-center version of this solution may be considered as plane wave propagating in the Euclidean 
Taub-NUT background. 
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1 + 2p/r). Compactifying along d u one obtains the NUT-ed magnetically charged 0-brane 
superposed with KK monopole along one of the transversal spatial dimensions: 

ds\ = -T~ 2/3 {dv-Uidx* + UF 2 1 (dz + a j dx j )Y 

+ T 1/3 {F^ 1 (dz + a i dx i ) 2 + F 2 5 ij dx i dx j }, (45) 

e a4> = T 4/ 3) ^ 

with the three-form 

H = d{uJidx % ) A (dv — Ujdx 3 ) — d(bidx l ) A (dz + ajdx J ) 

+ d {UF 2 l (dv - Uidx 1 ) A (dz + ajdaP)) , (47) 

where T = F\ + U 2 F 2 ~ 1 and V x b = V-Fi. It reduces to the single extremal 0-brane if 
U = 0, F2 = 1, F\ = 1 + 2p/r, to the pure pure gravity Gross- Perry-Sorkin monopole for 
U = 0, F 1 = 1, F 2 = 1 + 2p/r and to NUT solution for Fi = F 2 = 1, £/" ~ n/r. 

Alternatively these solutions can be obtained as null geodesies of the target space of the 
non-linear cr-model ( |158| ).p| To show this it is sufficient to choose as the geodesic generator 
a degenerate sl(A, R) matrix of the rank one and to construct a solution depending on 
three harmonic functions. Along these lines one can also construct a four-charge solution. 
For an asymptotically flat solution one can define the asymptotical charges as 

/ ~ l-2M/r, 0~2iyr, V ~ 2^V2/r, 
vi, 2 ~ 2Qi, a /r, «i, 2 ~ 2P 1)2 /r, (48) 
X ~ -2N/r, k ~ 2A/r, 

then the null geodesic condition gives the following BPS bound 

= ^Tr(£ 2 ) = M 2 + N 2 + A 2 + D 2 + Dl - Q\ - Ql - P 2 - Pi (49) 



The signature of the target-space metric (33) tell us that the most general extremal 
solution which can be generated via harmonic maps should contains four independent 
harmonic functions, an explicit construction is yet to be done. 



4 Higher rank forms from pure gravity 

Inverse dualisation of a KK two-form in D dimensions gives an antisymmetric form of 
the rank D — 2. With some luck, one can reinterpret this form as a supergravity matter 
field thus providing a non-local duality between gravity and supergravity. Before passing 
some realistic possibilities in the context of string/M theory, here we discuss a modified 
dimensional reduction scheme starting with the standard reduction of (D + (i)-dimensional 

6 For application of null geodesies method (harmonic maps) in the supergravity context see jn], pl| . 
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pure gravity theory to D dimensions as given in section [| and then performing dualisation 
of the part d\ of all KK two-forms. It is convenient to introduce the following notation: 

(50) 

with K being an arbitrary d\ x d 2 real matrix, and gi,g 2 real symmetric d\ x d\ and 
d 2 x d 2 matrices respectively Rescaling them as 

M a = g-^ e ^a/d a ^ ^ 

where e^ a = detg a , a — 1, 2, E\ — —e 2 = 1, so that 

detM x = detM 2 = 1, (52) 

one obtains 

M = € [ e^i^Mf 1 e~^M 2 + e^K T M^K J ' (53) 



where d = d\ + d 2 and ip = ip\ + ip 2 . Such a decomposition of the moduli matrix fl53|) and 
the set of gauge fields can be viewed as a two-step standard KK reduction (see Appendix 
B). In terms of new variables the D- dimensional Lagrangian of the reduced theory (^) 
can be written as follows 

C D = R D - ^(V^) 2 + rf 2 (V0 2 ) 2 - - -i _ 2 - rf 2 V0 2 ) 2 } 

+ -T^VMiVMf x ) + iTr(VM 2 VM 2 _1 ) - ~e' l>1+ ' l>2 Tr(VK T M^VKM^ 1 ) 

- l{e-^FlM 2 F 2 + e^(F l + KF 2 ) T Mr 1 (F 1 +KF 2 )}, (54) 

where 

0. = ^ (£v>« + ^2^) • (55) 
Now we dualise the part di of the KK two-forms Fip] to (D — 2)-forms, Gi[d_ 2 ] = c?_B 1 [ D _ 3 ]: 

e^Mf X (F! + KF 2 ) = (56) 
then an equivalent -D- dimensional action will read 

£' D = - ^(V^) 2 + rf 2 (V0 2 ) 2 - - -i - 2 - rf 2 V0 2 ) 2 } 

+ -Tr(VM!VMf x ) + ^Tr(VM 2 VM 2 _1 ) - I e^ 1 +<fe Tr ( Vif T Mf l VKM 2 1 ) 

- ^{e-* 2 F 2 T M 2 F 2 + — j— y e-*Gf[M x Gx + * D G\KF 2 + F 2 K T * D Gi)|. (57) 
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An initial non-dualised action ( |54"D is invariant under global GL(d, R) symmetry (|10|), 
( |TTD which can be decomposed (see Appendix B ( p.74j )-( [T7^) ) into central, right and left 
subgroups. The central transformation GL(di,R) x GL(d 2 ,R) explicitly reads 



e e a <t>a _^ e £a<t>a {detg a )- 2£a/da , (58) 



M a -> g T a M a g a (detg a y 2 ' d % (59) 
F a - (^) £ ^a, (60) 

if -> ^i T ^2, (61) 

where a = 1, 2, C/ a G GL(d a , R) and £1 = +1, e 2 = — 1. The right transformation is 

if -> A" + ft, (62) 
F a -> F X -KF 2 , (63) 

(other fields inert). The left one in the sector of KK forms reads 

F 2 ^F 2 -CF X , (64) 

with Fi inert, while the scalars undergo rather complicated transformations which are 
given in the Appendix B. Here 1Z and C — are arbitrary real d\ x d 2 and d 2 x d\ parameter 
matrices respectively. All these are symmetries of the action fl54j). 

The same symmetries apply to the dualised theory (|57D , with the difference that only 
the central subgroup remains an off-shell symmetry. Central transformations are the same 
as in the non-dualised theory with G\ — > Qy X G\ replacing the Fi-transformation. Right 
and left symmetries hold only for the field equations. This asymmetry is the effect of 
omitting a divergence term when going from (M) to (0) which is not invariant under left 



and right transformations. The right transformation now is 

K -> K + n, (65) 
with other fields inert, while the left one is 



d -> Gi + £ T A!, (66) 
F 2 -> F 2 + £A 2 , (67) 

where A x = K T Gi - e^Ma * D F 2 and A 2 = A"F 2 - e^My * D G l so that dAi = rfA 2 = 
on-shell. Transformations in the scalar sector are the same as in the non-dualised theory, 
see Appendix B. 

Now the question is whether one can reinterpret the dualised action as originating 
from some supergravity theory with "matter" antisymmetric forms. To get link with 
M-theory, one has to generate the four-form from the KK two-form. This picks out six 
dimensions as the dualisation dimension. One has to start from some higher- dimensional 
pure gravity theory on space-time with Killing symmetries to generate KK two-forms in 
six dimensions. For IIB theory the seven-dimensional space-time is selected as giving 
the five-form field strength, the five-diemsnional to get the three-form and so on. One 
has analyse suitable compactifications of the eleven and ten-dimensional supergravities 
and check whether the dilaton coupling constants corresponding to reduction to lower 
dimensions have the same values as given by the Eq. 



11 



5 D = 11 supergravity/Z} = 8 Einstein gravity 

Let us consider a particular case of the dual theory ([57]) with d\ = d 2 = 1. Then the 
matrices M\ and M 2 trivialize, and the matrix K reduces to a (pseudo) scalar axion k: 



C 



1. 1 

D 



R 



D 



P 2<f> 

T (v. 



1 



D 



2 V W 8(D-2) 



g2(D-2) 



g 2(_D-2) 



2! 



+ ^= — —G 2 



(D-2)\ 



D-21 



/V 



• J ' 1 MlA t 2 ,Jr I / l---i / i3-2- 



2!(L>-2)! 

Here suitable linear combinations of the scalar fields are introduced: 

D D 



+ 



2(D-2 
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(68) 



(69) 



Now we choose -D = 6, then the field G[_d-2] is a four-form. To get a link with eleven- 
dimensional supergravity we have to consider the dimensional reduction to six dimensions 
which generates the appropriate moduli fields. This can be done as follows. Starting with 
the bosonic sector of D = 11 supergravity 



S 



ii 



d^x^J-GlRr 



1 



2x4! W 



- / F [A] A /-I, A. .4 



6 



[-1] 



(70) 



we assume the following 2 + 3 + 6 decomposition of the metric (with time in the six- 
dimensional sector) 

ds 2 u = e*\dy\ + dyl) + e^(dy 2 3 + dy\ + dy 2 5 ) + e -^ +3 ^dsl, (71) 

and the potential three-form 



A 



M1M2M3 



A 



A 



k(x). 



(72) 



The fields (p 2 , (f3, -B™, Am, /t and the six-metric c?Sq = g^dx^dx 1 ' depend only on coor- 
dinates x M , parameterizing the six-space. Note that this class of configurations contains 
M2 (delocalised in three directions) and M5-branes as well as M2 C 5-brane [J22, [23| and 
some of intersections P3 , |26|] including their non-static generalizations || . 
The above ansatz leads to the following six-dimensional action: 



S 6 = J d 6 x^J\go\{R 6 



y(V^) 2 - \ W) 2 - A( V ^) 2 



1 

2 6 
1 



2? e4 F [2] + 4l e 4 G W 



}-/ 



kF [2 ] A G 



[1] 



+ - / d k [B [3] A F [2] + G [4] A 



where 



G 



[i] 



[3], 



'[2] 
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1 



- nV'j ^3 



2 

T 



(73) 
(74) 



and the last term can be omitted as a total divergence. The Chern-Simons term is non- 
trivial in this reduction. Comparing this action with the Eq.QBSD for D = 6 we see that 
both theories are precisely the same, including the dilaton couplings. Recall that ( |68] ) was 
obtained by dimensional reduction of the eight-dimensional Einstein gravity. Therefore 
we find a non-local duality between the 2 + 3 + 6 reduction of the D — 11 supergravity 
and D = 8 pure gravity. 

Now we can formulate the following generating technique for constructing solutions 
of the D = 11 supergravity starting with some solution of the eight-dimensional Einstein 
equations admitting two commuting Killing vectors. First, one has to choose coordinates 
adapted to Killing symmetries (generated by 

ds 2 8 = g mn (d( m + A™dx») {d( n + A n v dx u ) + e^^g^dx^dx" , 

= det||# mn ||, (75) 

and to perform the following identification of the moduli matrix in temrs of the super- 
gravity fields 

9mn ~ 6 { Ke* e~+ + ) ' 

dAft = Fjg. (76) 

Then the four-form Gw, = dBm has to be built via inverse dualisation of the Killing 
two-forms ^ 

G ai ... a4 — ^ E ai a4 ^ (f^i, + ^F^uj ■ (77) 
The desired solution of D = 11 supergravity will read 

ds 2 n = g 1 2 /2 5 ab dz a dz b + g^b l3 dy % d^ + {g 2 g^)- l ^g^ v dx^dx\ (78) 

where 

2 

In g 2 = -(f) - tp, lng 3 = -20, (79) 

and the 11-D four-form i+n is given by 

F [4] = G m + if 2] A e [2] + dK A e [3] . (80) 

Some new supergravity solutions constructing along these lines will be given in the next 
sections, see also || |2?|, p8 |. 



The SL(2, R) symmetry of the compactified space translate into the following trans- 
formations of the field quantities: 

QjZ ~\~ b 

z — > -, z = k + %e~^ , ad — be = 1, (81) 

cz + d v ' 

ip -> V + const., (82) 

JF [2] -> (cz + d)F m , F [2] =e^l 2 F [2] +ie-^l 2 *«G {i] . (83) 



13 



This symmetry unifies into a single multiplet the M2, Mb- and M2 C 5-branes compatible 
with the ansatz; all of them have a single pure gravity counterpart: eight-dimensional 
plane wave solutions delocalized along one axis: 



ds\ = F(x)dCi ~ 2d&dt + dCf + S ij dx i dx j . i 



i,j = 1, ..-,5, 



J4) 



where dgF(x) = 0. More precisely, this solution corresponds to M5-brane (or M2-brane 
after £i t % —>■ (2,1) and Ml C 5 solution can be obtained via linear coordinate transforma- 
tion 

Ci^Cicose, C 2 ->^7 + Cisin£. (85) 

cos 4 



As one straightforward application let us exploit the SL(2, R) symmetry (58-61, |65] - |57|) 
to generate new non-static supergravity solutions. Starting with the rotating M5-brane 
(entering into the class of the above configurations with F\ 2 ] = k = and only 
G[4i 7^ 0). Than the left transformation can be used to generate Fm- and ^-components 
of the M-brane (see the Eqs. (|177 - 180 ) in the Appendix B). As a result we obtain the 
rotating composite M2 C 5-brane with two rotation parameters 



ds\ x 



H- 2 ^H' l ' z {-Hdt 2 + (cosh 5dt - k sin 2 Odfa - l 2 cos 2 9 sin 2 ^dfc)' 



+ dy\ + dyl) + HWH'-W {dyl + dy\ + dyl} 



r 2 , 



/ 2 



2m 



1 + 4 --r 



+ H^H'^lf- 1 

The form field reads 
F[4] = sin^<iA[3]-|-cosC* 11 'i(^4[3]A(i|/3A(i?/4A(i?/5)-|-tanC(i 

In these expressions 



dr + r 



(86) 



1- ff' 



dy 3 A dy 4 A4 . (87) 



H 

r 1 



2m sinh 2 S 
1 + 3 /, 



2m cos 2 £ sinh 2 5 



'i I" 

r 2 



1-H 
sinh 5 



-1 



cosh <Mt + /1 sin 2 9d(j)\ + Z2 cos 2 9 sin 2 ipdfo) A cfyi A eh/2, 



where 
T 



cos 2 9 cos 2 ^ + 



sin 2 9 cos 2 # sin 2 ^ 



+ 



1 + lf/r 2 l + l 2 /r 2 



(89) 
(90) 

(91) 



"=•2 



'l + ^ COs2 ^ 4. ^ sin2 ^ sin 2 V'' 



d# 2 



/ 2 cos 2 ip " 



cos 2 fl# 2 



2Z| sin 9 cos sin ip cos ?/> 



'1 



d6dip+ sin^#f+ 1+^ cos 2 sin 2 -0 #2- 



Electric and magnetic charges for this solution are Q oc 2m sin ( sinh 5 cosh 5, and P oc 
2m cos ( sinh 5 cosh 5. The rotating M2 C 5 solution reduces to the rotating M5-brane 
under cos£ = 1 and reduces to the two-rotational-parameters M2-brane under cos( = 0. 
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6 Ten-dimensional supergravities 



Let us start with the IIB theory. Its bosonic sector contains the NS-NS fields (metric, 
B-field and dilaton) and the Ramond-Ramond potentials: the scalar and the two-form 
(combining into SL(2,R) multiplets with the corresponding NS-NS fields) and the four- 
form with the self-dual five-form field strength. Here there are essentially two possibilities: 
one is related to seven dimensions as a dualisation platform, another to five dimensions, 
this latter possibility works for the IIA theory as well. On the other hand, we need the 
third Killing vector to accommodate for the Ramond-Ramond sector. So the first option 
is to consider the ten-dimensional Einstein gravity admitting three commuting Killing 
symmetries 

dsj = g mn {dC m + A^dx^){dC + Aldx v ) + e-^ b g 7lJ , v dx> x dx\ (92) 

1 K T \ 



det 1 1 g mn 1 1 , g mn — g^ g 2 



-1/2 -3/4 



K g 2 M + KK 



T 



where the label m takes values m — 1, 2. In the notation of the Appendix B this corre- 
sponds to D = 7, di = 1, c?2 = 2 with the six-parametric moduli matrix g mn decomposed 
as 1 + 2. In the matrix notation 

Infill = ||i^H = H^i^lf, K=\\K a \\, 

M = \\M ab \\=( e ~* + * 2e * e$ /V (93) 
V e X e J 

so the moduli give two scale factors gi, #2, a doublet K a , a = 1, 2 and a unimodular matrix 
M parameterized by $, \. The latter are obvious candidates for the dilaton and the R-R 
scalar of IIB theory, while three one forms AJ^ = A[\\ and Afj,,a = 1,2 can be used to 
generate the five- form and the SL(2, R) doublet of three-forms. 

This construction is dual to the following dimensional reduction of the IIB theory. 
The Einstein frame metric splits as 1 + 2 + 7 

ds 2 10 = 9l dy 2 + g 1 2 /2 5 ab dz a dz b + {grg-iY^g^dx^dx" , (94) 

where the scale factors g%,g 2 and the seven-dimensional metric are the same as in (|92|) . 
The form fields are constructed from the quantities (j93|) via 



Ffa = F? 2] Ady + e ab dK b Ae [2] , 

F [5] = G [5] + ( gi g 2 y/ 5 ^G [5] AdyAe [2h 

G [B] = (g 1 g 2 )- 4/5 * 7 (J' [2] +K a F^ ] ). (95) 
The ansatz for is chosen here in a manifestly self-dual form 

F [5] = (1 + * 10 )G' [5] , G [5] = dB [4h (96) 

and one can check that the field equations and the Bianchi identity for the five-form are 
equivalent to the pure gravity Einstein equations for the metric (p2|). It is worth noting 
that in this case both supergravity and dual gravity start from the same dimension ten. 
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The simplest solutions of the form (|94] , |9"5 ) are the D3-brane and D-string (the latter 
being delocalised along {z a }). Our class also includes Dl C D3 solution which gives 
rise to D3— brane in the NS-NS B field, or, in notation of [|33|, the NS1 + Dl + D3 
configurations. 

The second possibility is inspired by dimensional reduction from D — 11 to IIA su- 
pergravity. It is relevant for five-brane configurations and works (with some alterations) 
both for IIA and IIB theories. The Einstein frame supergravity metric is taken as the 
2 + 3 + 5 split 

ds 2 10 = gl /2 5 ab dz a dz h + gl^SijdyW + {g 2 g^y 1 ' z g^ v dx lx dx v , (97) 

where all functions depend on x M . This class of solutions can be reconstructed together 
with the appropriate form fields from the eight-dimensional Ricci-flat metrics admitting 
three commuting Killing vectors 



ds 2 & = g mn (d( m + A^dx") (d( n + A n v dx v ) + e^^g^dx^dx" 

= det\\g mn \\, (98) 

where now the labeling is m, n = 1, 2, # with a, b = 1,2 corresponding to the first two 
values the indices m, n. Different identifications of the metric variables as well as different 
dualisation prescriptions for three Killing two-forms associated with A™ apply to IIA and 
IIB supergtavities which we list separately (again denoting A^ = A[i]). 

IIA: 

a _ e -0 _-i .-*/*( gl /2 g,M + KK T K\ 

gmn — C i/2 i/3 I j^T j / ' 

ll<Mpjll = ll*p]ll = l|f[2],^[2]ir, K = \\K„\\, 

M = IW.||=(£ e-*+lv)- W 

The dualisation prescription for the four-form F\4] = dA[s] — A A[i] and the three- 
form Fr 3 ] = dA\2] are as follows (in terms of the first and the third KK two-forms) 

F { 4] = -etg^g^^id^-KdKj + iF^ + KF^Aew-d^Aew, 

F [3] = -e- 2 ^ 2 -% 3 - 2/3 * 5 (^2]+^ a Ff 2] ) + ^Ae [2] , (100) 

while the two-form i*] 2 ] = dA^ is identified with the second KK field 

F[2]=4v ( 101 ) 

The 10D dilaton is given by 

e* = & - 1 e- a *. (102) 
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IIB: 



-1/2 -1/3 



M' 1 M~ X K 



9mn ~ 92 93 y M -l K T ^ + K T M -1 R ) , 
\\dA™]\\ = \\ F \2]\\ — \\F[2]a, ^12]\\ T , K—\\K a \\, 

M" 1 = ||M ab ||. (103) 

To generate the SL(2,R) doublet of three-forms F&, = dAfy (here a = 1 and a = 2 
correspond to NS-NS and R-R fields respectively) and the self-dual five-form 

F [s] = * 10 F [5] = dA {i] - l -e ab A\ 2] A Ff 3] (104) 

one has to dualise the KK fields as follows 

H] = -(929 3 )- 2/3 M ab * 5 (F [2]6 + K 6 JF [2] ) + g«*dtf 6 A e [2] , 

4] = ^]Af[3]-92W _2/3 ^[2]Aq 2 ,, (105) 

(here 612 = e 12 = +1). In this case the 10.D dilaton $ and the zero-form \ are expressed 
through the SL(2,R)/SO(2) matrix M ab as 

liM a6 || = f e "* A + f 6 * *fV (106) 

A class of plane wave solutions delocalised in two directions corresponds to DO + 
D2 + iVS'S-brane in II A theory and NS1 + D3 + D2-brane in IIB theory. Hidden 
supergravity symmetries unifying these non-marginal solutions in the common multiplets 
with marginal ones are dual to linear coordinate transformations in the compactified 
subspace (C\C 2 >C*) °f the corresponding pure gravity theory. 



7 Killing spinor equations 

In this section we perform dimensional reduction of the 11.D supergravity Killing spinor 
equations according to the ansatz ( [78| , jS0| ) , and try to express the resulting equations in 
terms of the dual 8D pure gravity. We will find that these equations coincide exactly 
with the geometric Killing spinor equations in eight dimensions, i.e. equations for co- 
variantly constant spinors. Recall that the existence of Killing spinors exhibits unbroken 
supersymmetry of the bosonic supergravity solutions, so a purely bosonic relationship 
between 11.D supergravity and eight-dimensional pure gravity gravity admits a fermionic 
extension. Let us start with the 11.D equation for the 32-component Majorana spinors 
en expressing the vanishing of the supersymmetry variation of the gravitino: 

D M eu + (r M NP ® R - 85»T p Q R ) F NPQR e n = 0. (107) 

In this section and in the Appendix C we use gamma-matrices with the orthonormal (flat) 
frame indices as well as the orthonormal components for all other tensor quantities. As 
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usual, multiindex matrices (T p Q R etc.) are totally antisymmetric products of 11D gamma 
matrices. 

Recall that the basic BPS M2, Mb, and M2 C 5-branes possessing one-half super- 
symmetry admit Killing spinors with 16 independent components. 

For our three block decomposition of the space-time interval it is convenient to intro- 
duce the corresponding 2x3x6 decomposition of the gamma-matrices (more details are 
given in the Appendix C): 

r a = 77 x Pa x a , Ti = 77 x p z x a h T a = 7 Q x p x a , (108) 

where p a , <ii are two sets of the standard 2x2 Pauli matrices, a = x,y, i = x,y, z, p and 
To is the unit matrix. Here 7 a are the 6D gamma-matrices in the orthonormal frame: 
{7a, 7/3} = 27/0/3, while 77 is the chiral operator 77 = 707172737475 so that 77 = 1 and 
{77, 7a} = 0. Such a representation corresponds to decomposition of the 5*0(1, 10) spinor 
with respect to the subgroup 5*0(1,5) x 50(2) x 50(3). An arbitrary 11D spinor en 
splits into the direct product of four 6D spinors according to the pattern 32 = (8, 1 + , 2) + 
(8, 1~,2). We write 

en = (ei, e 2 , e 3 , e 4 ) T , (109) 

where ei,e2, e 3, e 4 are eight-component six-dimensional spinors. The Majorana condition 
on en 

en = e c n = Ce u , (110) 

with the choice of the conjugation matrix C compatible with ( |108| ) translates into the 
following conditions on D = 6 spinors (see Appendix C): 

e 3 = iPe* 2 , e 4 = iPel, P = (r 2 x r x x r y ). (Ill) 

Under this decomposition the Eq. ( |107| ) splits into the set of three equations, one of 
which (M = a) is the six-dimensional differential spinor equation (D a is the corresponding 
spinor covariant derivative): 

{l2D a + 7 a%(0 + ^/2) + e 3 ^ 8+ ^ 2 77 [-2(Fi + KF 2 a ) + {F l a + KF 2 a ) 

+is z [e%{ la p d P K - 2d a n) + e 3 ^/ 2 (f 2 - 2F 2 )] } e t = 0. (112) 

This is applicable to to all of four six-dimensional spinors (i = 1,2,3,4) with s z = +1 
for ei and €3, and s z = — 1 for e 2 and e 4 (in what follows we denote these spinors to 
distinguish from spinors in other dimensions). Two other are algebraic equations for 
(with the same agreement for s z ) which impose consistency conditions on the bosonic 
background: 

{^(0 - VV2) - is, (e% $k + e 3 ^/ 2 F 2 )} e 6 = 0, (113) 



and 
where 



{ ?(<f> + V/2) + e 3 ^ 8+ ^ 2 77 (F 1 + kF 2 ) - ts z e^ 7 @k) e 6 = 0, (1 14) 



K = \h a ,F m ]=F^, K = \F^. (H5) 
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If one multiplies the Eqs. ( |113|) and ( |114| ) by 7 a and makes use of the identity 7o,F m = 
F™ + F™ one can derive the following two relations 

iSze W/s-t/2 {F 2 a + F 2 K = _ ^ /2) + iSze ^ 7d ^ ( tf J + 7 /) £6) (ii 6) 

e 3W8^/2 77 { (F 1 + kF 2 } + (J? 1 + kFq2) | £6 

= {d p {4> + V/2) + is z e* l7 d P K\ {5i + 7/) e 6 - (117) 

Substituting these into the Eqs. (|112|) we obtain 

[AD a - «9 Q (0/3 + V/2) - 7/^/4 + e 3 ^ 8+ ^ 2 77 (F Q 1 + K F 2 ) 

-ts z (et> l7 d a K + e^'^Fl) }e 6 = 0. (118) 

The set of equations ( |113| ), ( |114j ) and ( |118j ) represents the 11D Killing spinor equations 
in terms of the 6D quantities. From these, only the last one is a differential equation on 
the 6D spinors, while two others are constraints on the 6D background and the chirality 
of e 6 . 

Now we wish to demonstrate that these equations reduce to the single equation for 
covariantly constant spinors in the dual eight-dimensional empty space-time: 

D M e s = d M e s + \tl AB M y AB e s = 0, (119) 

in the case of two commuting Killing symmetries ([7^). Then the 50(1, 7) spinor decom- 
poses as 2 x 6 

e 8 = (e + ,e_) T , (120) 

where e + and e_ are again some QD spinors: they correspond to a decomposition over 
the subgroup 50(1,5) x 50(2) C 50(1,7), namely 16 = 8+ + 8~. Accordingly, the 8D 
gamma-matrices are presented as 

34s = -px x J 8 , y 7 = -p y x 77, y a = p x x 7 Q . (121) 

It is convenient to introduce the one-form representation for the eight-dimensional 
metric 

e m = £™(d( n + A n v dx v ) = e m , 

§a = e -4>/8 d a Qa = /^X 



where 

£ = \m\=e^[ C n ™ m ). (123) 





= e a v dx v 




Ke^ 2 \ 








Then the spinor connection reads 

2 



n mn = -d p £™g pq £^ - \e™£^d p g pq d p , 



Q ma = -^ /8 £™£%d a g pg 9 n + ^ /8 F mal3 6p, (124) 

= + -(d a i)d p - d^6 a ) --e^F n a/3 9 n , 
8 2 
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where F m = £™F n ,\\F n \\ = (F{ 2] , Ff 2] ) T , \\g mn \\ = £ T £, \\g mn \ \ = H^H" 1 . Now the 8D 
equation ( |119| ) splits into the set of M = m (algebraic) equations, and M = fi 6D spinor 
equation. The first two coincide with the equations ( |113|) and ( |114| ), obtained earlier 



from the 11D theory if we assume s z = +1 for €q = e + and s z = — 1 for €q = e_. The 
six-dimensional M = /i equation can be also presented in the form which almost coincides 
with the 11-D Killing spinor equation ( |118|) except for the second term. But this term can 
be eliminated via the substitution 

e' 6 = e-^ +3 ^ 2 %. (125) 

This means that the bosonic correspondence between three-block truncation of the 11 D 
supergravity and eight-dimensional Einstein gravity extends in a natural way to the su- 
persymmetry condition: the 11-D Killing spinor equation is equivalent to the covariantly 
constant spinor equation in eight dimensions ( |119| ). 

Therefore any Ricci-flat 8D space-time with two commuting isometries which admits 
covariantly constant spinors generates some supersymmetric 11D> supergravity configura- 
tion. It is worth noting that space-times admitting covariantly constant spinors are not 
always Ricci-flat but only Ricci-null (due to integrability condition for the Eq. ( |119| )), 



see e.g. p^| , so one should demand Rsmn = in addition to the existence of parallel 
spinors to generate supersymmetric supergravity solutions from eight- dimensional pure 
gravity ones. For static 8D space-times this condition is fulfilled automatically. The 
correspondence between eight and eleven-dimensional Majorana spinors reads explicitly 

eii=e (2^)/ 2 4 (e8;4) T_ (126) 

Here e§ is a covariantly constant 8D spinor (which has 16 independent real components as 
well as the 11D Majorana spinor) and e' 8 has to be constructed starting with eg through 
the Majorana conditions (|110| , |lll|) . 

This correspondence may be useful also to simplify the check of supersymmetry for 
11D supergravity solutions. To investigate whether some three-block 11D supergravity 
solution possesses unbroken supersymmetry it is sufficient to check whether the corre- 
sponding eight-dimensional pure gravity dual admits covariantly constant spinors. Each 
(complex) 8D covariantly constant spinor correspond exactly to one Majorana Killing 
spinor in 11 D theory. 

Another possible application is a generating technique for supersymmetric 11D* back- 
grounds. Note that all spinor connection forms ( |124j ) are invariant under GL(2, R) trans- 
formations (|H||Il]) and consequently 6D the spinor equations (|113|) , ([TT^) , (|118|) are invari- 
ant too. Therefore one can apply the GL(2, R) transformations (|%T|)-(P3"1) to the seed 11-D 
supersymmetric solutions of the form (|78D,(|30D in order to obtain new supersymmetric 
ones. 



8 Solution generation 

Here we present some examples of application of the 11D/8D duality for solution gen- 
erating purposes. Let us start with the five- dimensional generalization of the rotating 
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Dobiasch-Maison solution || endowed with NUT and smeared to eight dimensions as 
follows 



T (dy + A t dt + 



+ dz\ + dz 2 + dz\ 



A -a 2 sin 2 9 
ET 



(dt — cosh 5 ud<t>y 



where 



„ / dr 2 in2 A sin 2 9 

+ E — + d9 2 + — -j-, 

\ A A - a 2 sm 2 9 

sinh 25 (mr + an cos # + n 2 ) 



2 sinh 5 



ET 

nA cos 9 + a sin 2 9(mr + n 2 ' 



A 

E 

to 
T 



ET 



2 2 

r — 2mr + a — 
r 2 + (a cos 6* + n 



n 

i2 



2n A cos + 2a sin 2 fl(mr + n 2 ) 
a 2 sin 2 - A ' 
1 + 2 sinh 2 5(mr + an cos 9 + n 2 )E _1 . 



(127) 



(128) 
(129) 

(130) 

(131) 



First we have to present the seed solution (|127| ) in the desired form (|75|) and to read off 
the variables from (|76f) . Here there are two possibilities to identify the variables according 
to different ordering of two Killing vectors. One possibility is 



— lnT, V = -mT, Af r 
2 4 



l []L ] = Ajdt + 

In this case vanishes and the scale factors #2 and g% are 

<?2 = T^ 3 , g 3 = T. 
The resulting 11Z? metric and the four-form field read as follows 

A - a 2 sin 2 9 



(132) 



(133) 



d 4i 



A 



il2 



jt-2/3 

= A t , 



(dt — cosh 5 ud(j)) + dy 1 + dy 2 



\^ , 2 ^ /^ 2 ,„2 A sin2 

Y J dy 2 k + Y,l — + d9 2 ^ 

k=3 \ 



A - a 2 sin 2 



-4 



012 



Ad,. 



(134) 



This is the NUT generalization of the rotating M2-brane with one rotation parameter, 
which is delocalized on five of eight transverse coordinates. 
An alternative ordering of Killing vectors gives 



In T, if) 



2l„T, 4, 



A t dt + 



(135) 
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The four-form Gw is generated via inverse dualisation, the corresponding three- form 
potential Bm has the following non-zero components 

Btz 2 z 3 — 2 sinh 5 [m(a cos 9 + n) — nr] E~ , (136) 
B,j>z2Z3 = — sinh 2<5{m cos# + (2n cos# — a sin 2 6 1 ) [nr — m(a cos 9 + n)] XP 1 1 . 

Extracting the scale factors #2 and #3 

92 = T~ 2 '\ g 3 = T-\ (137) 

we finally obtain the following 11D supergravity solution: 

A - a 2 sin 2 9 



ds 2 u 



A 



467 



= T~ 1/3 

_|_ 7^2/3 

= H 



(dt — cosh 5 wc?0) + dy 



k=l 



dy 2 6 + dy 2 + j:(^ + de 2 + 



tZ2Zzi 



A 



4>67 



B, 



A 



•Z2Z;i ■ 



A sin 2 9 
A -a 2 sinV 



138) 



This is the NUT generalization of the rotating M5-brane with one rotation parameter, 
which is delocalized on two of five transverse coordinates. 

The same solutions can be obtained applying similar procedure to the five- dimensional 
rotating NUT-ed Gross-Perry-Sorkin monopole || smeared to eight dimensions. Finally, 
we can apply the left transformations ( |186|J187|) to the above rotating M5-brane with 
the following parameters: r = cot(,l — — sin £ cos £ and s = 21n(sin£). This leads to 
NUT-ed rotating composite M2 C 5-brane (dyon): 



ds\ x 



r 



_ j>1/3j>/1/3 jj>-l 

+ T'- 1 



A - a 2 sin 2 9 



(dt — cosh 5 u>d<fi) 2 + dy\ + dy\ 



dyl + dy\ + dy 2 ) + dy\ + dy 2 + E + d9 2 + - ^J^g ^ 2 ) }> 
2 cos 2 ( sinh 2 5(mr + an cos 9 + n 2 )E -1 , 



A m 


= sin ( A t , 


A345 


= tan^T'- 1 


Am 


= cosC B tZ2Z3 



A 



4>12 



A 



sin( 



067 



cos ( B, 



4>z 2 z 3 - 



(139) 



This solution reduces to rotating M5-brane if cosC = 1 and to M2-brane when cos( = 0. 

Now let us explore which of these solutions preserves unbroken supersymmetry. As 
was shown in the previous section, it is sufficient to check whether the seed 8D metric 
( |127| ) admits covariantly constant spinors. From the Eq. ( |119|) for M = y we obtain in 
the asymptotic region r — > 00 



sinh 6 {m(sinh 5 y ry — cosh S y rt ) 
This implies the following necessary condition 



ny 04 ,} = o. 



(140) 



(m+n) sinh 5 = 0. 



141) 
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So we conclude that 5 — > oo, me M , ne 25 and a are finite and 8.D covariantly constant 
spinor takes the form 



T-^e-^V^W^o, ^ e = e , (142) 



where eo is constant spinor and tamp = rta.n6/y/r 2 + a 2 . 

In this case ( |134| ) takes the form of extremal M 2-brane solution with harmonic function 
T = 1 + 2g/ r, (a = n = 0, m — > 0, m sinh 2 5 = g) presented in polar coordinate system: 

ds 2 n = T~ 2 /\-dt 2 + dyl + dy 2 2 )+T l ^( j^dyl + dr 2 + d6 2 + r 2 sin 2 6d A, 

\k=3 J 

A [3] = (1 — T~ x )dt A dyi A dy%. (143) 



Other two solutions (|138| , |139|) represent in this limit extremal Mb- and M2 C 5-brane 
respectively 

Another interesting example is applying the left transformation to the following M5_LM5- 
brane 

ds 2 u = (#i# 2 ) 2/3 {{H l H 2 )- 1 (-rft 2 + dx\ + dx\ + dxf) + iff 1 (d?/ 2 + cfy 2 ) 
+ iff 1 (dz\ + dz 2 2 ) + dr 2 + r 2 d6 2 + r 2 sin 2 6d(f) 2 } , 
-Vi* 2 = -2picos6», A <j>yi y 2 = -2p 2 cos0, (144) 

where 

ffx = l + ^, ft = l + ^. (145) 

With the choice of parameters r = cot(,l = — sin £ cos £ and s = 21n(sin£), one obtains 
the "dyonic intersecting M-brane" 

ds 2 u = (H x HzH) 2/ * [-{HxH^dt 2 + H~ l (dx\ + dx\ + dxf) 

+ iff 1 (dy\ + dy 2 2 ) + fff 1 (dz 2 + dz 2 ) + dr 2 + r 2 d8 2 + r 2 sin 2 6d(j) 2 }, 

i 2pisinC„_ 1 < . _ 

^ti/uo = _ -"i > ^Vi* 2 = - 2 Pi cos C cos 6*, 

2p 2 sin C -i 

A telZ2 = if 2 , = -2^2 cos C cos 0, 

= tanC(l-^ 1 ), (146) 

where 

H = sin 2 C + cos 2 CHiH 2 . (147) 

The same solution can be obtained by applying the same transformation to the M2_LM 2- 
brane. For sin£ = the solution reduces to M2_LM2-brane and for cos£ = reduces to 
M5_LM5-brane. This solution was found previously in [26fl. 
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9 Discussion 



Our aim was to investigate whether one can find new links between gravity and super- 
gravities in higher dimensions using inverse dualisation to generate antisymmetric forms 
from Kaluza-Klein vectors. Apparently this is an impossible task for the full non-abridged 
supergravities, but as we have shown, it works for certain consistent truncations. While 
it is perhaps not surprising that the Maxwell equations and the Bianchi identities for the 
KK fields translate into similar equations for dual higher rank forms, a non-trivial test 
is whether the dilatonic exponents in the reduced actions are the same. We have found 
that it is so in several cases. The most interesting is the correspondence between 2 + 3 + 6 
dimensional reduction of the eleven-dimensional supergravity and eight-dimensional Ein- 
stein gravity with two commuting Killing vectors. A related duality holds between both 
(suitably compactified) IIA and IIB ten-dimensional supergravities and eight-dimensional 
Einstein gravity with three commuting Killing vectors. Another case is the correspondence 
between the ten-dimensional Einstein gravity and a suitably compactified IIB theory. It 
is worth noting that all dualities of this sort are non-local in the sense that variables of 
one theory are related to variables of the dual theory not algebraically, but via solving 
differential equations. 

A remarkable fact is that the ll.D-supergravity/8-D-gravity duality holds not only 
in the bosonic sector, but also extends to Killing spinor equations exhibiting unbroken 
supersymmetries of the 11 D theory. Namely, the existence of Killing spinors in the su- 
pergravity framework is equivalent to the existence of covariantly constant spinors in the 
dual Einstein gravity. It would be interesting to check whether this correspondence found 
at the linearized level extends non-linearly, i.e. holds for suitably supersymmetrized 8D 
gravity. A more challenging question is whether classical dualities found here have some- 
thing to do with quantum theories. Although we were not able to give an answer here, 
our results concerning the ten-dimensional supergravities look promising in this direction. 

As a direct application one can use the above dualities for solution generation purposes 
similarly to the Bonnor map in general relativity. Fortunately, the truncations considered 
leave enough space for p-brane solutions including dyonic states, rotating and NUT-ed 
configurations, as well as various brane intersections. We were able to find hitherto 
unknown branes (including supersymmetric ones) applying new dualities for generating 
classical solutions. Recently there was an upsurge of interest to fluxbranes or Fp-branes, 
which are the generalizations of the magnetic fluxtube (Melvin solution). It is worse 
noting that the first genuine fluxbrane solution with higher rank antisymmetric forms 



was constructed by a method similar to the present one [11]. The method described here 



was also used to construct intersecting fluxbranes [E7I] one of which was later rediscovered 



by Russo and Tseytlin [BO, pi 
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A Alternative reduction to D = 4 and D = 3 (partial 
dualisation) 

Here we give details of the alternative reduction scheme based on partial dualisation of 
KK two-forms to D = 4 and 3. Let us start with the standard dimensional reduction to 
four dimensions, using decompositions (|50"|)-( |5"5|) with 7 = (2 + d)/2d: 



£4 = ^-^rfiW^ + ^W-^Kv^-^) 2 } 

+ -^(VMxVMf 1 ) + -Tr(VM 2 VM 2 1 ) - -e^ 1+ ^ 2 Tr(VK T M^VKM^ 1 ) 

- l -{e~^F^M 2 F 2 + e* 1 ^ + KF 2 ) T M^ l {F 1 + KF 2 )|. (148) 

Now we wish to dualise a part d% of the full set of d Maxwell two- forms as follows (F = * 4 F) 

e^Mr\Fi + KF 2 ) = Gi, (149) 

leaving the remaining <i 2 forms unchanged. The equivalent (dual) action involves <i 2 KK 
potentials A™? and di dual potentials B^ mi , dB = Gy 2 y. 

4 = ^4-^{rfi(V0i) 2 + d 2 (V0 2 ) 2 -^(rfiV0i-d 2 v0 2 ) 2 } 

+ -Tr(VMiVMf x ) + ^Tr(VM 2 VM 2 _1 ) - ^e^ 1+ ^ 2 Tr(ViT T Mf 1 Vi^M 2 _1 ) 

_ i{ e -^F 2 T M 2 F 2 + e-^G^Mid + G\KF 2 + F 2 T K T Gi}. (150) 

Note the presence of Chern-Simons densities in the action. Let us discuss symmetries 
of the transformed action. In deriving this expression the total divergence was omitted 
which is not invariant under right and left subgroups of the full GL(d, R) symmetry group. 
Therefore, only the central subgroup GL(d\, R) x GL(d 2 , R) will be the symmetry of the 
action, the rest of the group being the symmetry of the equations of motion. 

Now compactify the dualised action ( [150] ) further to three dimensions. One can expect 
to have the cr-model possessing an enhanced symmetry SL(d + 2,R) (here d = d\ + d 2 
refers to four- dimensional theory) as before. Let us write the four-metric as 

ds\ = g^dx^dx" = —f(dt — Widx 1 ) 2 + f~ x hijdx % dx\ (151) 

and introduce the columns of electric and magnetic potentials 

Gut = div u F 2it = div 2} (152) 

M x G l l = ^^-e ijk (dkUi — KdkV 2 ), (153) 

M 2 if = zi^ e ij^ dkU2 _ K T dkVi) (154) 
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Define the twist potential x Yia - 



n = diX + ^vldiUa - ^uldiV a , a = 1,2, (155) 



where r is dual to the 3D KK vector Wi 



f 2 

t 1 = A-e^djVJk (156) 
in accordance with the part of Einstein equations 

Rj = ^jf kd &- ( 157 ) 
As a result we arrive at the a-model 

S 3 = J d 3 xVh!^R 3 + ^Tr (VM VAT 1 ) } , (158) 
with the following target space metric 

dl 2 a = —{dMdM- 1 ) (159) 

= ~ o^2^ + T^l^l + rf 2#2 - oVj^l^l ~~ rf 2#2) 2 } 



2/ 2 4l iri ' n 2 + d 

- ^(dMidMf x ) - ^(dMadMa -1 ) + i e^ 1 +<fe Tr (dlf T Mf 1 dKM 2 1 ) 

t: t: ^ 

- ^{e-^dufMidui + e- (f,2 dv^M 2 dv 2 + e' /)1 dw^M{ 1 dw 1 + e^dw^ M 2 7 1 dw 2 ], 



where 



c^X = dx+^du a -^u^dv a , (160) 

efaui = <iwi — Kdv 2 , (161) 
du»2 = du 2 — K T dv\. (162) 

In deriving this expression we made use of the following {d\ + 1) x (d 2 + 1) split of the 
coset matrix 

«-U;)(T £)(;?) 

" l q t p 1 ~ 1 p 2 + g T Pf i Q 



- d-j d / v/'d-L/o i ■ (I 63 ) 



where the P\,P 2 are the real c?i x and d 2 x ^2 symmetric matrices with the same 
determinant, and Q is the real d\ x d 2 matrix. The trace decomposes as follows 

Tr (dMdM' 1 ) = Tr {dP^dP^ 1 + dP 2 dP 2 x - 2dQP 2 1 dQ T P' 1 ) , (164) 
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while the matrices Pi, P 2 and Q in terms of previously introduced variables read 



where 





Pi = 
P2 = 



f = u^a, a = 1,2, (166) 
<£>i = u l -Kv 2 , (f 2 = u 2 -K T v l} (167) 

Xa = ~(f> a + j^{di<pi- d 2 (f>2)- (168) 

It is easy to see that the target space ( |159| ) is a symmetric space SL(d + 2, R)/SO(d, 2) 
as in the standard reduction scheme. But the representation of the coset matrices now is 
given in terms the blocks {d\ + 1) x (d\ + 1), (d 2 + 1) x (d 2 + 1), (d\ + 1) x (d 2 + 1) and 
(d 2 + 1) x (d\ + 1) with arbitrary < d\, d 2 < d, instead of the block structure 1 x (d+ 1) 
in the standard scheme 



B Two-step reduction from D + d\ + di to D 

Our split (^0|) may be regarded as a two-step dimensional reduction: first from (D + 
d\ + d 2 ) dimensions to (D + d 2 ), second to final D. This corresponds to the following 
parameterization of the metric 



d? 2 

aS (D+d) 



= 9m ini (dz mi + K™ldy m2 + A^dx^(dz m + K^dy n ' 2 + A?dx v ) 

+ g m2 n 2 (dy m2 + B™ 2 dx»)(dy n2 + B n u 2 dx v ) + e'^^ ] g Dilv dx»dx l ', (169) 



where mi, ni = 1, d±, m 2 , n 2 = 1, d 2 and /i, v = 1, -D. Introducing matrices 



.91 
K 



\Qm\n\ I 
I m 2 M 



#2 



m 2 n 2 1 1 5 



fl-D = \ \gD^u\\, 



I 4 mi l 



B 



\K>m 2 I 
I 



(170) 
(171) 



one can write 



9D+d 



I \9mn\ I 



/ gi giK giA 

K T 9l g 2 + K T 9l K g 2 B + K T 9l A 

\A T 9l B T 92 + A T 9l K e-^ 9D + A T 9l A + B T 92 B 



(172) 



F = dA = d 



A- KB 
B 



(173) 
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Consider the action of the SL(d, R) x R symmetry on this representation. First we 
combine ( |TU| , |TT| ) into the single GL(d, R) transformation 

M -> G T MG, F -> G^F, (174) 

where 

M = e^M eGL{d,R)/SO{d), 

G = e^ r/2 QeGL{d,R). (175) 

For G it is convenient to use the Gauss decomposition into the product of left (triangle), 
center (block-diagonal) and right (triangle) matrices 



G 



1 
C 1 



Qi 1 







g>2 



i n 
o 1 



(176) 



Then we obtain a natural decomposition of the GL(d, R) symmetry into the following 
three subgroup: 

central: see (|58l - |6"l~|) , GL(d\,R) x GL(d 2 ,R); 
right: K -»• K + K, F t -»• Fx - KF 2 , other fields inert; 
F 2 — CFi, F 1 being inert and 



left: F 2 



e -^M 2 + e^^M^K invariant, 



e^Mi + e* 2 KM 2 ~ l K T invariant, 

e^Mf 1 -> e 01 (l + ^) T M 1 - 1 (1 + AX) + e'^^MzC, 

e^M^K -> e^(l + KC) T M{ l K + e~ (t>2 C T M 2 . 

In the dual terms the symmetries are decomposed in a similar way: 

central (dual): Gi — > £?i Gi, other variables as in (|58| - |6T|) : 

ng/ii (dual): K —>■ K + 1Z, other quantities inert; 

/e/t (dual): scalar sector transforms as in ( |177| )- ( p~8Q| ) and 



(177) 
(178) 
(179) 
(180) 



d -> (l + KCfd-e-^C 1 M 2 F 2 , 
F 2 -> (1 + £K)F 2 - e-^LMxGx. 

The Bianchi identities dGj = <i.F 2 = hold on shell only. When d\ 
trivialize and the left (dual) transformations reduce to 



K 



where T> 



e 

(1 + kI) 2 + l 2 e~ 2 ^ 

z- 1 



d>2 



i„ = 

Gauge fields transform as follows: 

G [4 ] - 



+ p[(l + K/)K + /e- 20 

= 0i + 02- This can be rewritten as 
z -1 + Z, z = K + ie~ <t ', 
0i — 02 invariant. 



(181) 
(182) 

1, Afi and M 2 

(183) 

(184) 
(185) 



(186) 



;i + /€/)G [4] -e-* 2 /F [2] , 
l + «Z)F [2] -e-^ZG [4 ]. 



187) 
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C Majorana spinor conditions 

Four six- dimensional spinors which represent a 11D spinor are not independent because of 
the Majorana condition on en ( |110| ). To find the explicit relations we choose the following 



representation for QD gamma-matrices 7 a in terms of the Pauli matrices (r x , r y , r z 

7o = i(j x x r x r ), 71 = (r y x r x r ), 72 = (r z x r x x r ), 

73 = (t« XT y x r ), 74 = (r 2 x r z x 7^), 75 = (r, x r z x r y ), (188) 

so that 77 = (t z x t z x t z ). In this representation the 11D gamma matrices read 

T Q = 7« x p x 0"o, T 6 = 77 x p x x <j , T 7 = 77 x p y x cr , 

T 8 = 77 x p z x a x , r 9 = 77 x p z x a y , T 10 = 77 x p z x a z , (189) 

and obey the identities 

r+ = -r , r+ = r M , r T M = (-i) M+1 r M . (190) 

The charge conjugation matrix C satisfying 

C- 1 T M C = -T T M , C T = -C, C + C = I, (191) 

can be chosen as 

c = -r r 2 r4r 6 r 8 r 10 = (r y xt x x Ty ) x Px x a y . (192) 

Then the Majorana condition e = e c = CTq e J translates into the following equation on 
the 6.D spinors 62, 63, 64: 

(s)=^ xp («:)* < i93) 

where P = (t z x t x xt v ). Therefore any 11.D Majorana Killing spinor en may be expressed 
through exactly one 8D covariantly constant spinor eg = (ei,e2) T via ( 126 ). 
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